The energy of a simple graph G is the sum of the absolute values of the eigenvalues of its adjacency matrix. Two graphs of the same order are said to be equienergetic if they have the same energy. Several ways to construct equienergetic non-cospectral graphs of very large size can be found in the literature. The aim of this work is to construct equienergetic non-cospectral graphs of small size. In this way, we first construct several special families of such graphs, using the product and the cartesian product of complete graphs. Afterwards, we show how one can obtain new pairs of equienergetic non-cospectral graphs from the starting ones. More specifically, we characterize the connected graphs G for which the product and the cartesian product of G and K 2 are equienergetic non-cospectral graphs and we extend Balakrishnan's result: For a non-trivial graph G, G ⊗ C 4 and G ⊗ K 2 ⊗ K 2 are equienergetic non-cospectral graphs, given in [R.
Introduction
In this work we are concerned with simple graphs. If G is such a graph, the eigenvalues of its adjacency matrix are called the eigenvalues of G. The sequence λ 1 , λ 2 , . . . , λ n of the distinct eigenvalues of G, with their respective multiplicities m 1 , m 2 , . . . , m n , is called the spectrum of G and denoted by Sp(G) = [λ 1 (m 1 ) , λ 2 (m 2 ) , . . . , λ n (m n )
]. The energy of G, E(G), is the sum of the absolute values of the eigenvalues of G. This concept was introduced by Gutman in 1978 [6] and has attracted the attention of many mathematicians and chemists (see, for example, the recent survey [7] ).
Two graphs with the same number of vertices are said to be equienergetic if they have the same energy. Several papers are dedicated to the construction of infinitely many pairs of equienergetic non-cospectral graphs: Balakrishnan [1] , Ramane et al. [8] , Ramane et al. [9] and Stevanović [4] . All the constructions, except the first one, produce graphs of very large size.
In this work, we deal with the problem of constructing equienergetic non-cospectral graphs of small size. For this purpose, we use the product and the cartesian product of two graphs. For the sake of completeness, we recall the definitions: Let G 1 and G 2 be two graphs with vertex sets V (G 1 ) and V (G 2 ), respectively. The product of G 1 and G 2 is the graph G 1 ⊗ G 2 such that the vertex set is V (G 1 ) × V (G 2 ) and in which two vertices (u 1 , u 2 ) and (v 1 , v 2 ) are adjacent if and only if u 1 is adjacent to v 1 in G 1 and u 2 is adjacent to v 2 in G 2 . The cartesian product of G 1 and G 2 is the graph G 1 × G 2 such that the vertex set is V (G 1 ) × V (G 2 ) and in which two vertices (u 1 , u 2 ) and (v 1 , v 2 ) are adjacent if and only if either u 1 = v 1 and u 2 is adjacent to v 2 in G 2 or u 1 is adjacent to v 1 in G 1 and u 2 = v 2 .
The product and the cartesian product of two graphs are examples of a non-complete extended p-sum (NEPS) of two graphs. In [4] , Stevanović studies the energy of NEPS of graphs and constructs arbitrary large families of connected equienergetic non-cospectral graphs of large size by using the product of graphs (the construction in [1] also makes use of this operation). Furthermore, in the same article, Stevanović proves that the product of graphs is the only kind of NEPS in which the energy can be represented as a function of the starting graphs.
In Lemma 2 and Propositions 4 and 6, we use the product and the cartesian product of complete graphs to construct families of infinitely many pairs of equienergetic non-cospectral graphs of small size. In the sequence, we show how to construct new pairs of such graphs. Theorem 8 is our main contribution. There we characterize graphs G for which the product G ⊗ K 2 and the cartesian product G × K 2 are equienergetic non-cospectral graphs. Finally, Theorem 11 generalizes the following result: For a non-trivial graph Q, Q ⊗ C 4 and Q ⊗ (K 2 ⊗ K 2 ) are equienergetic noncospectral graphs, given by Balakrishnan [1] . In our result, Q is any connected non-trivial graph and we substitute C 4 and K 2 ⊗ K 2 for a pair of equienergetic non-cospectral graphs for which the index of the first graph is greater than the index of the second.
Special families of equienergetic graphs
The assertions (a) and (b) below are special cases of a well-known result (Theorem 2.23 of [2] ), which gives the eigenvalues of the product and the cartesian product of graphs as a function of the eigenvalues of the factor graphs involved. Assertion (c) is an immediate consequence of (a); assertion (d) states a well-known fact about the complete graph K n that will be used later. Fact 1. Let G 1 and G 2 be two graphs and let λ 1 , λ 2 , . . . , λ r and µ 1 , µ 2 , . . . , µ s be the eigenvalues of G 1 and G 2 , respectively. Then:
(a) the eigenvalues of the graph G 1 ⊗ G 2 are the products λ i µ j , for all i = 1, . . . , r , and j = 1, . . . , s; (b) the eigenvalues of the graph G 1 × G 2 are the sums λ i + µ j , for all i = 1, . . . , r , and j = 1, . . . , s;
Lemma 2. For all integers m, n ≥ 2, not both equal to 3, the product and the cartesian product of K n and K m are equienergetic non-cospectral graphs.
Proof. Let G = K m ⊗ K n and H = K m × K n . Clearly, G and H have the same order. By Fact 1(c),
G and H are non-equienergetic graphs. Hence, Lemma 2 is not in general true for three copies of complete graphs.
The proofs of the following two propositions are similar to the one in Lemma 2. In the first of them, it is enough to consider that Sp(r K 2 ) = [2(r − 1), 0 (r ) , (−2) (r − 1) ].
is a triplet of equienergetic and mutually noncospectral graphs (where r K 2 indicates the complement of r copies of K 2 ).
Remark 5. For integers n, m ≥ 2, K n ⊗ K m and n K m are graphs of the same order nm and simple calculations show that E(K n ⊗ K m ) = E(n K m ) if and only if m = 2.
Proposition 6. For all integers m, n, r such that m, r ≥ 2, n > 2 and m + r = 2n, we have that
is a triplet of equienergetic and mutually non-cospectral graphs.
Remark 7. We must note that the construction in Proposition 6 produces disconnected graphs.
Constructing new families of equienergetic graphs
The section starts with the characterization of the graphs G for which the product and the cartesian product of G and K 2 are equienergetic non-cospectral graphs.
Theorem 8. Let G be a connected graph with eigenvalues λ 1 , λ 2 , . . . , λ n . Then G ⊗ K 2 and G × K 2 are equienergetic non-cospectral graphs if and only if |λ i | ≥ 1, for all i = 1, . . . , n.
Proof. First of all, let us suppose that the eigenvalues of G satisfy |λ i | ≥ 1, for all i = 1, . . . , n. By construction, G ⊗ K 2 and G × K 2 are graphs of the same order and from Fact 1(c), it follows that E(G ⊗ K 2 ) = E(G)E(K 2 ) = 2E(G). Let λ 1 ≥ λ 2 ≥ · · · ≥ λ n and suppose that λ 1 , λ 2 , . . . , λ j are the positive eigenvalues of G and λ j+1 , . . . , λ n are the negative ones. We calculate
Since |λ i | ≥ 1, i = 1, . . . , n, we have that
Furthermore, G ⊗ K 2 and G × K 2 are non-cospectral graphs. Indeed, since G is connected, λ 1 > 0 and λ 1 = max 1≤i≤n |λ i |, [3, 5] ; thus (λ 1 + 1) ∈ Sp(G × K 2 ) and (
Conversely, let G be a graph with eigenvalues λ 1 , λ 2 , . . . , λ n such that G ⊗ K 2 and G × K 2 are equienergetic non-cospectral graphs. By contradiction, suppose |λ j | < 1, for some λ j . Then, if λ j ≥ 0, by taking the only real number α j > 0 such that λ j + α j = 1, we have that |λ j + 1| + |λ j − 1| = λ j + 1 + α j = 2 > 2|λ j |. By the same arguments, if |λ j | < 1 and λ j < 0, we have |λ j + 1| + |λ j − 1| = 2 > 2|λ j |. Suppose that the eigenvalues of G satisfy |λ 1 | ≥ 1, . . . , |λ k | ≥ 1, and |λ k+1 | < 1, . . . , |λ n | < 1. Then, as we have seen in the first part,
We give two examples of classes of graphs G for which Theorem 8 applies, as follows:
where L(K n,n ) indicates the line graph of K n,n , the complete bipartite graph.
Indeed, both K 2 ⊗ L(K n,n ) and K 2 × L(K n,n ) have 2n 2 vertices. By using known properties of line graphs, we have that Sp(L(K n,n )) = [(−2) (n−1) 2 , (n − 2) (2n−2) , (2n − 2)]. Since all the eigenvalues have absolute values ≥ 1 for the hypothesis on n, Theorem 8 guarantees that K 2 ⊗ L(K n,n ) and K 2 × L(K n,n ) are equienergetic non-cospectral graphs.
If G = G(V, E), the total graph T (G) of G is the one whose set of vertices is V ∪ E, and in which two vertices are adjacent if and only if the corresponding elements in V and E are adjacent or incident. If G is a regular graph of degree r (r > 1) having n vertices and m edges, then T (G) has m − n eigenvalues equal to −2 and the following 2n eigenvalues equal to 1/2(2λ i + r − 2 ± 4λ i + r 2 + 4), where λ 1 , λ 2 , . . . , λ n are the eigenvalues of G.
Example 10. For all integers n ≥ 4, K 2 ⊗ T (K n ) and K 2 × T (K n ) are equienergetic non-cospectral graphs.
Indeed, the graphs K 2 ⊗ T (K n ) and K 2 × T (K n ) are both of order 2(t + n), where t indicates the number of edges in K n . It is not difficult to show that the spectrum of
In Balakrishnan [1] , the author shows that, for any non-trivial graph Q, if G = C 4 and H = K 2 ⊗ K 2 then Q ⊗ G and Q ⊗ H are equienergetic non-cospectral graphs. In the last result of the section, we give conditions on an arbitrary pair G and H of equienergetic non-cospectral graphs in order to make the assertion true for any non-trivial connected graph Q.
Theorem 11. Let G and H be two equienergetic non-cospectral graphs such that there is an eigenvalue λ of G for which λ > |µ|, for all eigenvalues µ of H . If Q is a non-trivial connected graph then Q ⊗ G and Q ⊗ H are equienergetic non-cospectral graphs.
Proof. If G and H are equienergetic graphs, so are Q ⊗ G and Q ⊗ H for any graph Q, since E(Q ⊗ G) = E(Q)E(G) = E(Q)E(H ) = E(Q ⊗ H ) and the resulting graphs have the same order.
Let us suppose that there is λ ∈ Sp(G) satisfying λ > |µ|, for all µ ∈ Sp(H ). Let Q be a graph as in the hypothesis and α be its eigenvalue with the largest absolute value. Since α is positive [5, 3] , we have that λ.α > |µ|.α ≥ |µ|.|α k | ≥ µ.α k , for all µ ∈ Sp(H ) and α k ∈ Sp(Q). Thus λ.α ∈ Sp(Q ⊗ G) and λ.α ∈ Sp(Q ⊗ H ), so the graphs are non-cospectral, as asserted.
Example 12. Besides the example given in [1] , Theorem 11 holds for the pairs of mutually equienergetic and noncospectral graphs in Proposition 4.
